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ABSTRACT

We know that, both rationals and irrationals are dense in R. Therefore, R has a dense subset, whose complement is also

densein R. Inthis paper, | amtrying to construct so many counter examples by using thisidea, such that

»  Construction of a function which is discontinuous everywhere.
e Construction of a function which is continuous exactly at one point (Or at finitely many paints).

e Construction of a function which is differentiable at exactly one point (Or at finitely many points).
| am presenting all these constructions as an application of Density theorem.
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INTRODUCTION
Preliminaries & Definitions

Density Theorem

If x and y are any real number with =2 1, then, there exists a rational numige€ & such thatx <= r == .

Corollary

If x and y are any real number witii << y, then there exists an irrational numiiesuch thatx << i < .

Sequential Criterion for Continuity

A function f: A>R is continuous at the point ¢ in A, if for everygsience X)) in A that converges to c, the sequence

(f(xn)) converges to f(c).

Applications of Density Theorem

Construction of a Rational Sequence which Convergds any xe R

If x is a real number, then there exists a sequehcationals that converges to
Proof

Let x be a real number.
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1 1
We know,— —<x+— ¥ n € R
n n
. . . 1 1
-~ By Density theorem, there exist a rational numsuch that— - = r,<x+ - ¥ n
, 1
ie, | r]—x|<; Y n

as N>, (ijeo

Which shows that {y->x.

i.e., lim(r,)=x.

~ (ry) is a sequence of rationals that converges to

Note: In a similar way, we can discuss the casgationals also.
Construction of a Function which is Discontinuous eery where

1 if x rational
0if x irrational

f(x):{
Proof
Let x be a rational number.
Then, f()=1.
By 2.1, there exists a sequence of irrationg)s—ix.
Suppose fis continuous.
By Sequential criterion of continuity,
(f(in)— ()
i.e., lim(f(in))= f(x)
i.e., lim( f(i),f(i2),.......... )=1
lim(0,0,0,.....)=1
i.e., 0=1, this is a contradiction.
= fis discontinuous at.
i.e., fis discontinuous at all rational points.
Similarly, we can discuss the case when x is Dreti
i.e., fis discontinuous at all irrational points.

Hence, f is discontinuous everywhere®n

This function is known as “Dirichlet Unit function”
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Some Applications of Density Theorem

Construction of a Function Which is Continuous Exatly at One Point
Consider the function,

x if xrational
—x if x irrational

f(x):{
Proof
Let r be a rational number and suppose that figiicoous at r.

Let (i,) be the sequence of irrationals that converges to

ie., (h—r.

Since f is continuous at r, by Sequential Criterion

lim(f(i n))=f()

i.e., lim (f(i,)=r

lim(-i)=r

lim(i,)=r

lim(i,)=-r

r=-r

2r=0

r=0

~ f(x) is discontinuous everywhere expect at r=0.

Now,

Let i be the irrational number. Then f(i)=-i.

Let () be the sequence of rationals that converges to i.

i.e., lim(r,)=i

Suppose f is continuous at i.

By Sequential Criterion of continuity,

lim (f(r))=f(i)

i.e., lim(f(r,))=-i

lim(r,)=-i

i=-i

2i=0
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i=0, a contradiction.
-~ f(x) is discontinuous at each irrationals.
Hence, f(X) is discontinuous everywhereRexcept possibly at x=0.

Now, we check whether this function is continuoug=0.

We have —x f(x) < x ¥ x

lim, _,—x=lim__,x=0

~ By Sandwich theorem,

lim_._, f(x)=0

f(0)=0

< lim,_, f(x) =f(0)

Which implies that f is continuous exactly at x=0.
Note:

This function is not differentiable at x=0.
It is clear that, this function is a sharp sandvideltween |x| and -|x|.
flx)—f(o0
)= lim—E )
x—=+0 x—0

Here f(0)=0

~f(0)= liné%

x
Fx) — if x rational when x = 0
— x

—X

x —if x irraional whenx # 0
x

_{1 if x rational x # 0
| —1if x irrational

; (= .
~lim,. ‘fT} does not exist here.

Construction of a Function Which is Differentiableat Exactly One Point

Now we consider the function

Impact Factor (JCC): 4.1675

Albert Antony. T

NAAS Rating 3.45



Some Applications of Density Theorem

Proof

x2if x rational

f(X)=4 —x2if x irrational

Here, we are using smooth sandwitch betweéand X

Let r be a rational number and suppose that figiicoous at r.

Let (i,) be the sequence of irrationals that converges to
i.e., (h)=>r

Since f is continuous, by Sequential Criterion

lim(f(i n))=f(r).

i.e., lim (f(i,))=r*

lim(—i7)=r"

lim(i2)=r®

lim(i2)=-r

rP=-p?

2r°0

r’=0

r=0

-~ fis discontinuous at all rationals except pogsdilzero.
Similarly, we can discuss the case of irrationéds a

-~ fis discontinuous at all irrationals.

Now,

We check whether this function is continuous at x=0
We have,

X <f(x) <xX* ¥ x

lim,_, —x2=lim,__,x%=0

~ By Sandwich theorem,

lim, _, f(x)=10
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f(0)=0
» lim,_, F(x) = £(0)
Which implies thatf is continuous exactly at x=0.

We know that differentiability implies continuityThe contra-positive is discontinuity implies non-

differentiability.
Hence, this function is not differentiable everywdeexcept possibly at zero.
Now, we check differentiability at x=0.

. FlLO-FO) 1. fix)
fo)=lim, _, — - lim, _,, —

xf if x rational when x =0

-, , ,
—if x trraional when x = 0
=

Flz) —

&

Fle) { x if x rational

x —x if xirrational

s lim — =20
x—+0 e

~ fl(0)=0

Hence,f'(0) exists.

Which shows that f is differentiable at x=0.
CONCLUSIONS
Conclusions are

» There exists a sequence of rationals (irratiorthbs) converges to anyeR.

e There exists a function which is discontinuous pwéiere.

e There exists a function which is continuous exaatlgne point.

* There exists a function which is differentiableeaactly one point.
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